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Abstract

A line seart method is proposedfor nonlinear programming using Fletcher and Ley er's
Iter method, which replacesthe traditional merit function. A simplemodi cation of the method
proposedin a companion paper [14] intro ducing secondorder correction stepsis preserted. It
is shawn that the proposedmethod doesnot su er from the Maratos e ect, so that fast local
convergenceto secondorder su cien t local solutions is achieved.

Keyw ords: nonlinear programming { noncorvex constrained optimization { Iter method {
line seard { local convergence{ Maratos e ect { secondorder correction

1 Intro duction

Recernly, Fletcher and Ley er [7] proposed lter trust region methods, o ering an alternative to
merit functions, asatool to guarantee global corvergencein algorithms for nonlinear programming
(NLP). The underlying concept is that trial points are acceptedif they improve the objective
function or improve the constraint violation instead of a merit function. In a companionpaper [14]
we proposeand analyze a lter line searcr method which can be applied to equality constrained
nonlinear programs, aswell as problemswith nonlinear equality and bound constraints using active
set SQP methods and barrier interior point methods.

In this paper we discussthe local corvergenceproperties of the Iter line seart algorithm
proposedin [14]. As mentioned by Fletcher and Ley er [7], the Iter approad cansuer from the
so-calledMaratos e ect [10]. The Maratos e ect occursif, arbitrarily closeto a strict local solution
of the NLP (1), afull Newton stepincreasedwth the objective function and the constraint violation,
and is therefore rejected by the line seart, even though it could be a very good step toward the
solution. This can result in poor local corvergencebehavior. As a remedy, Fletcher and Ley er
proposeto improve the seard direction, if the full step is rejected, by meansof a secondorder
correction which aims to further reduceinfeasibility. In this paper we show that this modi cation
is indeed able to prevent the Maratos e ect.

Ulbrich [13] hasrecertly preseried a trust region lter method using the Lagrangian function
(instead of the objective function) as one of the measuresin the lter (similar to what we propose
in our companion paper [14]). In [13], Ulbrich shows fast local corvergencewithout secondorder
correction steps.

The paper is organized as follows. In order to keepthe analysis simple, we focus rst only on
the easiestcaseof equality constrained optimization problems. In Section2 we revisit the Iter line
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seart procedure from the companion paper [14]. Section 3 states the modi ed Iter line searth
algorithm including secondorder correction steps. The local corvergenceanalysisis preseried in
Section4. In Section5 we briey discusshow this approact can be applied to a line seart and a
trust region lter SQP method to handle inequality constrained problems.

Notation. We denote the i-th componert of a vector v 2 R" by v(). Norms k k denote a
xed vector norm and its compatible matrix norm. We denoteby O(tx) a sequenced vy g satisfying
kvik tx for someconstart > 0 independent of k, and by o(tx) a sequencef vig satisfying
kvik ktk for somepositive sequencd (g with limy, = 0.

2 A Line Search Filter Metho d

The proposedalgorithm is a Iter line seard algorithm for solving nonlinear optimization problems
of the form

anﬂr)] f(x) (1a)
subject to c(x)=0 (1b)

wherethe objective function f : R" ! R and the equality constraints c: R" ! R™ with m < n are
twice continuously di eren tiable. The Karush-Kuhn-T ucker (KKT) conditions for this problem are
given by

a(x) + A(x)
co(x)

0 (2a)
0 (2b)

with the Lagrangian multipliers , where g(x) = r f(x) and A(x) := r c¢(x). Under suitable
constraint quali c ations, sud as linear independenceof the constraint gradients r c(x), these are
the rst order optimality conditions for (1) (seee.g.[12)).

Given a starting point X, the proposedline seard algorithm generatesa sequenceof improved
estimatesxy of the solution for the NLP (1). For this purposein ead iteration k a seart direction
dy is computed from the linearization of the KKT conditions (2) at xy,

He  Ax d Ok
= ; (3
Al 0 v Ck

Here, Ax = A(Xk), G = O(Xk), ¢& = c(Xk). The symmetric matrix Hy denotesthe Hessian
r 2.L(xx; k) of the Lagrangian
LG )= f(x)+ o(x)" (4)
of the NLP (1), or an approximation to this Hessian. The vector  is someestimate of the optimal
multipliers corresponding to the equality constraints (1b), and  in (3) canbe usedto determine
a new estimate 41 for the next iteration. In the context of this paper the particular choiceof
is not important. As is common for many line searty methods, we assumethat the projection of
the Hessianapproximation Hy onto the null spaceof the constraint Jacobian is uniformly positive
de nite to ensurecertain descemh properties.
After a seart direction dx hasbeencomputed, a step size ¢ 2 (0;1] is determined in order to
obtain the next iterate
Xk+1 = Xkt kOk: )

In the companion paper [14] we proposebadctracking line seard procedure, where a decreasing
sequenceof step sizes ; 2 (0;1] (I = 0;1;2;:::) with lim; ; = 0 is tried until an acceptance
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criterion is satis ed. The procedurethat decideswhich trial stepsizeis acceptedisal\ lter method."
In the remainder of this sectionwe only brie y revisit this approad; the detailed motivation can
be found in [14]. The formal statemert of the algorithm is presered in Section 3.

Filter methods were originally proposedby Fletcher and Ley er [7]. The basicideabehind this
approad is to interpret the optimization problem (1) as a bi-objective optimization problem with
the two goalsof minimizing the objective function f (x) and the constraint violation (x) := kc(x)k
(with a certain emphasison the latter quartity). Following this paradigm, we might consider a
trial point Xy ( k:1) := Xk + 10k during the line seart to be acceptable,if it leadsto su cien t
progresstoward either goal comparedto the current iterate, i.e. if

(Xk( k1)) T ) (X (6a)

or f (Xk( 1)) fxk) ¢ (X) (6b)

holds for xed constarts ; ¢ 2 (0;1). Howewer, the above criterion is replaced by requiring
su cien t progressin the objective function, whenewer the following \switc hing condition"

kd <0  and il gdd™ > [ (xwl® (7)

with constarts > O;s > 1;s; > 2s holds!. If (7) is true for the current step size ., the trial
point hasto satisfy the Armijo condition

f O k) FO)+ 1 ka0e di; 8)

instead of (6), in order to be acceptable. Here, ¢ 2 (0; %) is a constart. Sincethe projection of
the matrix Hy in (3) onto the null spaceof A is uniformly positive de nite, it can be shown that
condition (7) becomestrue if a feasible,but non-optimal point is approacted. Enforcing decrease
in the objective function by (8) then prevents that the method corvergesto such a point. In
accordancewith previous publications on Iter methods (e.g. [6, 8]) we may call a trial step size
k:1 for which (7) holds, an \f -step size."

In order to prevent the method from cycling, the algorithm maintains a\lter" Fy f( ;f)2
R? : Og, a set of ( ;f)-pairs that are \prohibited" for a trial point in iteration k. During
the line seard, a trial point xx( ;) is rejected, if it is not acceptableto the current lter, i.e. if
( Xk k1)) f(Xk( k1)) 2 Fk. At the beginning of the optimization, the Iter is initialized to

Fo:=f(;f)2R?: max g (9)
Later, the lter is augmerted for a new iteration using the update formula
n o]
Fen = Pl (3F)2R?: (1 ) () and f f(x) ¢ (%) ; (10)

if the acceptedtrial step sizedoesnot satisfy the switching condition (7). In this way, the iterates
cannot return back into the neighborhood of xi. On the other hand, if (7) (and therefore also (8))
holds for the acceptedstep size,the lter remainsunchanged. Becausesud an iteration guaranees
progressin the objective function, we may call it an \f -type iteration.”

Finally, in somecasesit is not possibleto nd a trial step size ., that satis es the above
criteria. Using linear models of the involved functions, we assumeto be in this situation, if
becomessmaller than
g . £ (). [ (x)l® © e T
mn .- M g T gl o< 0 (11)

otherwise,

LFor the global convergenceanalysis in [14] it is sucien t if the constant s; satis es s 1. However, for the
proofs in this paper it hasto satisfy a tighter condition, sothat the relationship (26) below holds.
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with a \safety factor" 2 (0;1]. If the badktracking line seard encourters a trial step size with

kil E“”, the algorithm reverts to a feasibility restoration phase Here, the algorithm tries to nd
a new iterate xy+; that is acceptableto the current Iter and for which (6) holds, by reducing the
constraint violation with someiterative method. Note, that a suitable restoration phasealgorithm
might not be able to produce a new iterate for the Iter line seard method and instead corverge
to a local minimizer of the constraint violation, indicating to the userthat the problem seems(at
least locally) infeasible.

3 Second Order Correction Steps

It hasbeennoted by Fletcher and Ley er [7] that the Iter approad, similar to a penalty function
approad, cansu er from the Maratos e ect. Here, a full Newton (or Newton-type) step increases
both the objective function and the constraint violation, even arbitrarily closeto a local solution of
the NLP (1). As a consequencethe lter line seard procedurerejects the full Newton step and
only acceptsmall fractions of the step. This can result in poor local convergencebehavior. As a
remedy, Fletcher and Ley er proposeto improve the seard direction by meansof a secondorder
correction.

A second order correction step di* aims to reduce infeasibility by applying an additional
Newton-type step for the constraints at the point xx + d¢. There is a wide range of options to
compute sud a step. Here, we assumethat it is obtained from the solution of the linear system

e A - o ; 12)
(AR®) 0 R (X + di) + G~

where HZ® is a symmetric n = n matrix, Af* 2 R" ™, g¢® 2 R", and ¢ 2 R™. Secondorder
correction stepsof the form (12) are discussedby Conn, Gould, and Toint in [3, Section 15.3.2.3].
We assumethat H:% is uniformly positive de nite on the null spaceof (Af*)T, and that in a
neighborhood of a secondorder su cien t solution we have

05 = o(kdek);  Ax AN = O(kdkk); G = o(kdck?): (13)

In [3], the analysisis made for the particular choicesc® = 0, AF® = A(xx + px) for somepy =
O(kdkk), and H, = r 2,.L (xx; &) in (3) for multiplier estimates . Howewer, the careful reader
will be able to verify that the cited results from [3] still hold aslong as

(Wk H k)dk = O(kdk k); (14)

if Xk corvergesto a secondorder su cien t solution x of the NLP with corresponding multipliers
(seeAssumption (L2) below), where

x
We=r 2L )220+ ( )Dr 2¢D(xy): (15)
i=1

We note that if we chooseH = r 2,L (xx; k) Where the sequenceof multiplier estimatesf g
is generatedusing  from (3) (e.g. by setting k+1 = ), then (14) holds if xx corvergesto a
secondorder su cien t local solution x satisfying Assumption (L2) below.

Possiblechoicesfor the quartities in the computation of the secondorder correction stepin (12)
that satisfy (13) are the following.



(SOC-1) HZ*® =1, gg®° = 0, ¢ = 0, and A* = Ay or A3 = A(xk + d); this correspondsto a
k k k k
least-squaresstep for the constraints.

(SOC-2) HZ® = Hy, gg* = 0, ¢* = 0, and A{* = Ay; this option is inexpensive sinceit allows to
re-usethe factorization of the linear system (3).

(SOC-3) HZ* being the Hessianapproximation correspnding to X, + di, g8%° = g(xk + di) +
A(xg + di) ¢, G = 0, and Ai® = A(x + dy); this step correspondsto the step in the
next iteration, supposingthat xx + d¢x has beenaccepted. In this sense,this choice has
the avor of the watchdog technique [2].

(SOC-4) If di* is a secondorder correction step, and di™ is an additional secondorder correction
step (i.e. with \c(xy + dy)" replacedby \ c(xy + di + dg*)" in (12)), then di*® + d*° can
be understood as a single secondorder correction step for dy (in that casewith ¢;° 6 0).
Similarly, seweral consecutiwe correction steps can be consideredas a single one.

It is easyto show that for the combined step dy + d§° we have c(x + di + d§) = o(kdyk?),
(see(21b) below). As a consequencethe combined step has a better chanceto be acceptedby the
lter method than the original step dy if Xk is closeto a local solution. In order to overcomethe
Maratos e ect, we modify the Iter line seard procedure outlined in Section 2, so that a second
order correction step is tried whenewer the full step hasnot beenaccepted. As we seein Section4,
this indeed enablesthe algorithm to acceptfull stepscloseto a secondorder su cien t solution of
(1), sothat fast local corvergenceis achieved.

We now formally state the line seard Iter algorithm from [14] with the modi cation to include
secondorder correction steps.

Algorithm |

Given: Starting point xg; constants max 2 ( (X0);1 1, ; ¢ 2 (0;1); > O; 2 (0;1]; s > 1;
ss>25; 12(0;,3;0< 1 <1l

1. Initialize. Initialize the lter (using (9)) and the iteration counter k 0.

2. Check convemgene. Stop, if Xk is a local solution (or at least stationary point) of the NLP (1),
i.e. if it satis es the KKT conditions (2) for some 2 R™.

3. Compute seaarch direction. Compute the seart direction dyx from the linear system (3). If this
system is detected to be too ill-conditioned or singular, go to feasibility restoration phasein
Step 8.

4. Backtracking line search.

4.1. Initialize line serch. Set o= 1land!l O.

4.2. Compute newtrial point. If the trial step sizebecomegoo small,i.e. < DM with [N
de ned by (11), go to the feasibility restoration phasein Step 8. Otherwise, compute the
new trial point Xk ( k1) == Xk +  k:10k.

4.3. Check aaceptability to the Iter. If ( (Xk( «1));f (Xk( k1)) 2 Fg, reject the trial step size
and go to Step 4.5.

4.4. Check su cient decrease with respect to current iterate.

4.4.1. Casel: ; is an f-step-size(i.e. (7) holds): If the Armijo condition (8) for the
objective function holds, accept the trial step xyx+1 = Xk( k) and go to Step 5.
Otherwise, go to Step 4.5.



4.4.2. Casell: . is not an f-step-size(i.e. (7) is not satis ed): If (6) holds, accept the
trial step Xx+1 := Xk( k1) and goto Step 5. Otherwise, goto Step 4.5.

4.5. Compute second order correction step. If | 8 0, go to step 4.8. Otherwise, solve the linear
system (12) to obtain the secondorder correction step di* and de ne

Xk+1 i= Xk + g + g™

4.6. Check acceptability to the lter. If xx+1 2 Fy, reject the secondorder correction step and
goto Step4.8.
4.7. Check su cient decrease with respect to current iterate.

4.7.1. Casel: The switching condition (7) holds (for .o and dy): If the Armijo condition
for the objective function,

f(xksr)  F(XK)+ ¢ o di (16)

holds, acceptxy+1 := Xk+1 and goto Step 5. Otherwise, go to Step 4.8.
4.7.2. Casell: The switching condition (7) is not satis ed: If

(Xk+1) @ ) ) (17a)
or  f(Xk+1) f(xk) ¢ (X) (17Db)
hold, acceptxy+1 := Xk+1 and goto Step 5. Otherwise, goto Step 4.8.
4.8. Choose new trial step size. Choose k:+1 2 [ 1 ki1 2 ki), setl | + 1, and go bad to
Step 4.2.

5. Accept trial point. Set | 1= .

6. Augment lter if necessary. If k is not an f -type iteration (i.e., (7) does not hold for ),
augmert the Iter using (10); otherwise leave the Iter unchanged,i.e. setFy+; = Fy.

7. Continue with next iteration. Increasethe iteration counter k  k + 1 and go back to Step 2.

8. Feasibility restoration phase. Compute a newiterate xy+1 by decreasinghe infeasibility measure

, Sothat xy+; satis es the su cien t decreaseconditions (6) and is acceptableto the lter, i.e.

( (Xk+1);T (Xk+1)) 62F. Augmernt the lter using (10) (for xx) and cortinue with the regular
iteration in Step 7.

It canbeveri ed easilythat this modi cation of Algorithm 1 in the companion paper [14] doesnot
a ect the global corvergenceproperties proved in [14].

4 Local Convergence Analysis
We start the analysis by stating the necessaryassumptions.

Assumptions L. Assumethat the algorithm geneates an in nite sequene fxyg of iterates that
convergesto a local solution x of the NLP (1), and that the following holds.

(L1) The functions f and c are twice continuously di er entiable in a neightorhood of x .

(L2) x satis es the following su cient second order optimality conditions.
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There exists 2 R™ so that the KKT conditions (2) are satis ed for (x ; );
the constraint Jacobian A(x )T hasfull rank; and

the Hessian of the Lagrangian W = r 2,L(x ; ) is positive de nite on the null space
of A(x )T.

(L3) In (3), Hy is uniformly positive de nite on the null space of (A,)T, as well as bounded.
(L4) In (12), HE® is uniformly positive de nite on the null space of (A®)T, and (13) holds.
(L5) The matricesHy in (3) satisfy (14).

(L6) There exists a constant i, > 0, so that the algorithm does not switch in Step 3 to the
restoration phaseif (xy) inc-

The assumption\lim g X, = x " is discussedin Remark 8 in the companion paper [14]. It is shavn
that if a particular restoration phasealgorithm (basedon Newton stepsfor the KKT conditions)
is usedin the neighborhood of a solution x satisfying (L2), then the iterates of the overall Iter

line seard algorithm are attracted to x sothat xx ! x follows. Assumption (L5) is reminiscert
of the Dennis-More characterization of superlinear corvergence[4], but it is stronger than the one
necessaryfor superlinear corvergence[1] which requiresonly that ZkT(Wk Hy)dk = o(kdgk), where
Zy is a null spacematrix for A. Howewer, if multiplier estimates y basedon | from (3) and
exact secondderivatives are usedto obtain Hy closeto x , i.e. if

He =1 2 L(Xk; «); (18)

then Assumptions (L3) and (L5) are satis ed, sinceHy ! W in that case.Finally, the algorithm
allows to revert to the restoration phasein Step 3. This option exists so that the overall globally
corvergert line seardr method can handle infeasible points at which the constraint gradiens are
linearly dependert (see[14] for details). Therefore, Assumption (L6) is introducedasa formality to
guarartee that the algorithm doesnot switch in arbitrary iterations to the restoration phaseclose
to feasiblepoints. In light of Assumption (L2), it is easyto seethat the iteration matrix in (3) is
nonsingular closeto x , if Hy is chosento be closeto W (e.g. by (18)), sothat there is not need
to revert to the restoration phasein Step 3 closeto x , and Assumption (L6) is satis ed.
The above assumptionsimply Assumptions G in the companion paper [14] in a neighborhood
of the solution. Therefore, Lemma 1 from [14] remains valid closeto x , which statesthat dx and
¢ from (3) are uniformly bounded. Furthermore, as can be veri ed easily the proof of Lemma 4
in [14] holds using Assumptions (L3) and (L6), sothat

(xk)=0 =) gdk<0 and (19)

k:=minf :(;f)2Fxg>0 (20)
for all k.

First we summarize somepreliminary results.

Lemma 1 SupmseAssumptionsL hold. Then there exists a neighlorhood U, of x , sothat for all
Xk 2 U1 we have

SOC
dy

c(Xk + dg + di®)

o(kdy k) (21a)
o(kdy k?) (21b)



Pro of. From cortinuity, condition (13), and full rank of AT, aswell as Assumption (L4), we have
that the matrix in (12) has a uniformly boundedinversein the neighborhood of x . Hence, since
the right hand sideis o(kdkk), claim (21a) follows. Furthermore, from

olxk + dg + d%) = olxk + di) + A(xg + di) T + O(kdE®k?)
E g (A TAET+ (Ay + O(kdk) T
+ O(kd$™k?)
o(kdgk?) + O(kdykkd$®k) + O(kd$®k?)
o(kdy k?)

(13)

(21a)

for xi closeto x the claim (21b) follows. 2

In order to prove our local convergenceresult we make useof two results establishedin [3] regarding
the e ect of secondorder correction stepson the exact penalty function

x)=f(x)+ (x): (22)
Note, that we employ the exact penalty function only asa technical device, but the algorithm never
refersto it. We also usethe following model of the penalty function

q (xi;d) = f(xk) + gid+ %dTde+ Afd+ ¢ : (23)

The rst result follows from Theorem 15.3.7in [3].

Lemma 2 Supmse AssumptionsL hold. Let  be the exact penalty function (22) and g de ned
by (23) with > k kp, where k kp is the dual norm to k k. Then,

(Xk) (Xk + dg + dg®) _

lim =1 (24)

ki1 q (Xk;0) g (Xk; dk)

The next result follows from Theorem 15.3.2in [3].

Lemma 3 Supmwse Assumptions L hold. Let (dy; ) be a solution of the linear system(3), and
let >k ,kp. Then

q (X;0) g (xk;d) O (25)
The next lemma shows that in a neighborhood of x , Step 4.7.1 of Algorithm | is successfuif the
combined step dy + di*° is an f -type step.

Lemma 4 Supmse Assumptions L hold. Then there exists a neighlorhood U,  U; of x so that
whenever(7) holdsfor ¢, = 1, the Armijo condition (16) is satis ed.

Pro of. Choose U; to be the neighborhood from Lemma 1. It then follows that for xx 2 Uj
satisfying (7) that
1 st St
(xk) < [ gede® =O(kdk® ) = o(kdyk?); (26)
sinceZ—f > 2 and g is uniformly boundedin U;.

Since ¢ < % Lemma 2 and (25) imply that there existsK 2 N such that for all k K we have
for someconstart > Owith > k ; kp independert of k that

() Oarderd® S+ @0 a(dd): @)
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We then have

f(xk) f(xe+ de+ di™)
(22)

(xK) e de ) () (XiF de + ARY))
(27);(21b);(26) 1 2
S+t 1 ([@(Xc0) (X dk)) + ofkdck?)

Before cortinuing, we recall the step decomposition from the companion paper [14]

de = Ot P (29a)
Ok = YkG and  pci= Zipg; (29b)
& =  AlYk o (29¢)
[ ZTH Zk 27 (g+ Hid) (29d)

whereY, 2 R" MandZ, 2 R" (™ ™ arematricessothat the columnsof [Y Z] form an orthonor-
mal basisof R", and the columns of Z are a basis of the null spaceof AI. Since Assumptions L

guarantee that the quartities (29), as well as ; are bounded for k su cien tly large, we can
conclude

f(xk)+ fondk f(xe+ de+ i)
9 1. 1

S % df Hydy + o(kdyk?)
® % dfH e + dT A T ;11+ 5t Hidh + o(kdik?)
©) 1 ¢ 1
T4 2 df Hdy QC(Xk)T « * ofkdik?)
(26) 1 f
= 7 5 dlHd+ okdk?)
29 1
) Z % Y ZT HZp + O(kagk) + o(kdgk?): (30)

Finally, using repeatedly the orthonormality of [Yx Z], we have

29 26
a = o) B o (x) ® ofkak?)
(29a) (29b)
= o(pipk+ L ak) = o(kpek?) + o(kakk?)
and therefore g = o(kpik?), aswell as

29 29b
de B o(kack) + Okpk) ) o(kpck?) + O(kpik) = O(kpik):

Sincepx ! Oasxyx ! x, (16) is then implied by (30), Assumption (L3) and ; < % if xx is
su cien tly closeto x . 2

It remainsto show that also the Iter and the sucient reduction criterion (6) do not interfere
with the acceptanceof full stepscloseto x . The following technical lemmasaddressthis issueand
prepare the proof of the main local corvergencetheorem.
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Lemma 5 SupmseAssumptionsL hold. Then there exists a neightmrhood Uz U, (with U, from
Lemma4) and constants 1; 2; 3> 0 with

3 = (1 )2t (31a)
2 2 < (I+ )2 1) 2% (31b)
23 @a+ )i1+(@ ) 2; (31c)

so that for all xx 2 Us we havek ;kD <  fori= 1;2;3. Furthermore, for all xx 2 Us we have

soc 1+ (25)
(Xk) (X + di + d) T(qi(xk;o) q,(xx;dk)) O (32)
for i = 2;3 and all choices
B = & (33a)
dﬁoc = kdﬁoc + Ogs1 + ko1 dﬁ?rcl; (33Db)
Ay = kR disr ke ORIG + ke ka2 OR3S S (33c)
or dﬁoc = kdﬁoc"' i1 + ket dﬁgcl + a2 + k42 dﬁgcz
+deiz + ka3 OR33; (33d)
with  ; k+1; k+2; k+3 2 f0;1g, aslong as xj+1 = x; + dy + |dE° for | 2 fk;:::;k + jg with
k

j 21 1;0;1,; 29, respctively.
Pro of. Since ; is uniformly boundedfor all k with xx 2 U, wecan nd 1> k kp with
1>k g ko (34)

for all k with xx 2 U,. De ning now

and 3 by (31a), it is then easyto verify that 5; 3 1>k ;kD and that (31b) and (31c) hold.
Since(1+ )< 2,Lemma 2 implies that there exists a neighborhood Us U, of x , sothat (32)
holds for xx 2 Us, sinceaccordingto the secondorder correction step choices(SOC-3) and (SOC-4)
in Section 3 all options for di* in (33) can be understood as secondorder correction stepsto di. 2

Before proceeding we give a short graphical motivation of the remainder of the proof and
introduce somemore notation. Let U3 and ; be the neighborhood and constarts from Lemma 5.
Sincelimgxx = x , wecan nd K; 2 N sothat xx 2 Uz for all k K. In Figure 1 we seethe
( ;f) half-plane with the current Iter Fg,. Let us now de ne the level set

M:=fx2Usz: ,(x) (X )+ 0; (35)

where > 0is chosensothat for all x 2 M we have ( (x);f (x)) 62Fk,. This is possible,since
k, > 0from (20), and sincemaxf (Xx) :x 2 M g cornvergesto zeroas ! 0, becausex is a strict
local minimizer of , [9]. Obviously, x 2 M.

In Figure 1, M and U; are the imagesof M and Uz in the ( ;f) half-plane. Let K, now
be the rst iteration K, K31 with Xk, 2 M. This means,that no iterate after K1 and before
K2 isin M, and therefore also the Iter Fg, overlaps with M by at most a small area whose
sizeis governed by the parameters ¢ and . The ( ;f)-pairs with constart value of the exact
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f(x)

Fk,
~ U3
XK2+1 \\\\/
X o Fre
X‘\ N \
XK p+2 \X\: S (x) (x )+
XK~ .
= N, (x) (x )+
) M AN (x)

Figure 1: Basic idea of proof

penalty function (22) correspond to dashedlines in the diagram, the slope of which is determined
by the penalty parameter . The main trick of the proof is to usethese dashedlines as frontiers
approading (O;f (x )), sothat the Iter always lies to the upper right side of these lines (except
for small overlaps coming from (10) in the Iter update rule), and at least every other iterate (with
or without secondorder correction step) lies on the lower left side of these lines (see(32)). For
technical reasonswe have to considerthree of those frontiers corresponding to di erent values of
the penalty parameter, in order to deal with su cien t progresswith respect to the old lter ertries,
the current iterate (6), and new lter entries.
We denote the set of iteration indicesk, in which the lter is augmerted, by A N; i.e.

Fk$ Fk+1 () k2 A:

Also, we de ne for k 2 N the Iter building blocks
n o]

G= (:f): (1 ) (X¢) and f f(xk) ¢ (Xk)

and index setsll‘:l2 =fl=Kky;::i;ke 1:12 Agforky ks Then it follows from the Iter update

rule (10) and the de nition of A that for k; ko

[
sz = Fkl [ G|Z (36)

k2
121,

Also note, that | 2 Il'ff A implies (x;) > 0. Otherwise, we would have from (19) that ggdk <0,
sothat (7) holds for all trial step sizes , and the step must have beenacceptedin Step 4.4.1 or
Step4.7.1, hencesatisfying (8) or (16). This would cortradict the Iter update condition in Step 6.
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The last lemma enablesus to show in the main theorem of this sectionthat, oncethe iterates
have readhed the level set M, the full step is always acceptableto the current lter.

Lemma 6 SupmseAssumptionsL holdandlet| K1 with (x;) > 0. Then the following state-
ments holds for a givenx 2 R".

If 2(X|) 2(X) 1+T(q 2(X|;O) q 2(X|;d|))’ (37)
then ( (x):f (x)) 62G.

Ifx2M and ,(xk,)  ,(X) T (d,(Xk,;0)  d,(Xk,i k), (38)
then ( (x);f (X)) 62Fk,.

Pro of. To (37): Since 1> k |+kD we have from Lemma 3 that q,(x;;0) q,(x;;d)) 0. Hence,
using the de nition (23) for q , aswell as AITd| + ¢ = 0 (from (3)), we obtain

1+
00 00 (@0 a,0id))
= @0 g+ (o 1) ()
(25 1+
> (2 1) (x): (39)

If f(x)<f(x) ¢ (X)), the claim follows immediately. Otherwise, supposethat f (x) f (x))
¢ (x1). In that case,we have together with (x;) > O that

(22):39) 1+

2,

(2 D &) L)

x)  (x)

(2 ) (x|)+i2(f(x) F(x0)

(31b)
>

(x1);

sothat ( (x);f (x)) 62G.

To (38): Sincex 2 M, it follows by the choice of in (35) that ( (x);f (X)) 62Fk,. Thus,
accordingto (36) it remainsto show that for all | 2 Iﬁéf we have ( (x);f (X)) 62G. Choosel 2 Ifif
As in (39) we can shaw that

1+
2(XK2) 2(X) T( 2 1) (XKz): (40)

Sincex 2 M it follows from the de nition of K, (asthe rst iterate after K1 with xx, 2 M) and
the fact that | < K, that

(1) 2 s (XK ) = ,(Xk,)+ (3 2) (Xk,)
(40) 1+ 1
LX)+ 3 51 5 2 (XK 2)
(31c)
2(X): (41)

12



If f(x) < f(x)) ¢ (X)), we immediately have ( (x);f (x)) 62G. Otherwise we have f (x)
f(x)) ¢ (x;) which yields

(22);(41)

) % %(f(xm 2 () f ()

3t g
2

@ ) )
sothat ( (x);f (x)) 62G which concludesthe proof of (38). 2

After thesepreparations we are nally able to shav the main local corvergencetheorem.

(x1)

(31a)

Theorem 1 Suppse Assumptions L hold. Then, for k suciently large, full stepsof the form
Xk+1 = Xk + Ok Or Xp41 = X + O + di® are taken, and x convergesto x sugerlinearly.

Pro of. Recallthat K, K isthe rst iteration after K, with xx, 2 M Usz. We now show by
induction that the following statemerts are true for k K, + 2:

(i) ((X1) (%) 1+T(qi(x|;0) q,(xi;d))
fori2f2;3gandK, | k 2

(iik) Xk 2 M

(iii k) Xk = Xk 1+ 1+ « 1dﬁocl with 12 f0;1g:

We start by showing that thesestatements are true for k = K, + 2.

Suppose,the point xk, + dk, is not acceptedby the line seardi. In that case,de ne Xk ,+1 :=
XK, + dk, + dg%. Then, from (32) with i = 3, k = K3, and (33a), we seefrom xx, 2 M and the
de nition of M that xk,+1 2 M. After applying (32) again with i = 2 it follows from (38) that
( (Xk,+1);f (Xk,+1)) 62Fk,, i.e. Xk,+1 is not rejected in Step 4.6. Furthermore, if the switching
condition (7) holds, we seefrom Lemma 4 that the Armijo condition (16) with k = K, is satis ed
for the point xk,+1. In the other case,i.e. if (7) is violated (note that then (19) and (7) imply

(Xk,) > 0), we seefrom (32) fori = 2,k = K2, and (33a), together with (37) for | = K, that (17)
holds. Hence,xk ,+1 is alsonot rejectedin Step 4.7 and acceptedas next iterate. Summarizing the
discussionin this paragraph we canwrite Xk ,+1 = Xk, + Ok, + szsKOZC with g, 2 f0; 1g.

Let us now consideriteration K, + 1. For k,+1 2 f0;1g we have from (32) for k = K, and
(33b) that

((XKo)  (Rkowr + Okpet + Ko+ ORG41)
1+
— (@i (Xk2:0) 0 (k1 dk,)) (42)
for i = 2; 3, which yields
XK,+1 T dK2+1 + Kyt dsKo§+1 2 M: (43)

If xk,+1 + dk,+1 iS acceptedas next iterate xx ,+2 , we immediately obtain from (42) and (43) that
(ik ,+2 {(iii k,+2) hold. Otherwise, we considerthe case k,+1 = 1. From (42), (43), and (38) we
have for Xk ,+2 = Xkpe1 + Okpen + O3,y that ((Xkps2)if (Xkpe2)) 62Fk,. If Ko 621,¢2" it
immediately follows from (36) that ( (Xk,+2);f (Xk,+2)) 62k ,+1. Otherwise, we have (xg,) > O.
Then, (42) for i = 2 together with (37) implies ( (Xk,+2);f (Xk,+2)) 625« ,, and hencewith (36) we
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have ( (Xk,+2);f (Xk,+2)) 6%k ,+1, Sothat Xk ,+2 IS not rejectedin Step 4.6. Arguing similarly as
in the previous paragraph we can concludethat Xk ,+2 is alsonot rejectedin Step 4.7. Therefore,
XK ,+2 = Xk ,+2. Togetherwith (42) and (43) this proves(ik,+2 ){(iii k,+2) for the case k,+1 = 1.

Now supposethat (i)){(iii |) aretrue for all Ko+ 2 | k with somek K+ 2. If X+ di is
acceptedby the line seart, de ne | := 0, otherwise | := 1. SetXg+1 = X+ dg + (. From
(32) for (33c) we then have for i = 2;3

(D) () (@0 50 4,0k i 1)) O (44

Choosel with K>, | < k 1 and considertwo cases:
Casea): If k= Ko+ 2,then | = K,, and it follows from (32) with (33d) that for i = 2;3

+
) Oken) T (@,050) a,(id) O (45)
Caseb): If k> K2+ 2, we have from (44) that | (Xk+1) . (xx 1) and hencefrom (ix 1) it
follows that (45) also holds in this case.
In either case,(45) implies in particular that . (Xk+1) s(Xk,), and sincexg, 2 M, we
obtain
Xk+1 2 M (46)

If xx + dy is acceptedby the line seard, (ix+1 )Y{(iii k+1) follow from (45), (44) and (46). If xx + d
is rejected, we seefrom (46), (45) fori = 2and | = K, and (38) that ( (Xk+1);f (Xk+1)) 62Fk,.
Furthermore, for | 2 I}'éz we have from (44) and (45) with (37) that ( (Xk+1);f (Xk+1)) 62G, and
hencefrom (36) that xx+1 is not rejected in Step 4.6. We can again show as beforethat xy+1 is
not rejectedin Step 4.7, sothat Xx+1 = Xk+1 Which implies (ix+1 ){(iil k+1)-

That fxyg corvergesto x with a superlinear rate follows from (14) (seee.qg. [11]). 2

Remark 1 As can be expected, the convemgene rate of Xy toward x is quaditic, if (14) is replacd

by
(Wk  Hy)dk = O(kdgk?)

(see e.g.[3])

5 Fast Local Convergence of SQP Metho ds
5.1 A Line Search Filter SQP Metho d

In the companion paper [14] we proposea lter line seard®r SQP method for solving NLPs with
bound constraints, for simplicity stated in the form

rr21in f (x) (47a)

X n

subject to c(x)=0 (47b)
x O (47¢)

The lIter line seart algorithm is essetially identical to the onefor solving the equality constrained
problem (1), wherethe seart direction dy is now computed as a solution of the QP

1
; T AT
égurg1 gcd+ 2d Hyd (48a)
subjectto  Afd+ ¢ =0 (48b)
Xk+d O (48c)
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The QP HessianHy is assumedto be positive de nite in the null spaceof the constraints active
at xx and xx + d¢. Sincethe initial iterate as well as all iterates returned from the feasibility
restoration phaseare assumedto satisfy the bound constraints, we have from (48c) and (5) that
Xk O for all k. Therefore, the infeasibility is still measuredas (x) := kc(x)k. For details, see
[14].

In order to adchieve fast local convergencefor this active set approad, we can again usesecond
order correction steps. One possibility for computing a secondorder correction step in an SQP
framework is proposedin [5], where the composite step di = di + di™ is obtained as a solution of

min gl d+ }d:erd’ (49a)

@ n 2
subjectto  Afd+ o+ o(xg + d¢) = 0 (49b)
Xkt d O (49c)

This correspondsto the choice (SOC-2) in Section 3.
Let us now assumethat the iterates xx generated by the SQP Iter line seard algorithm
corvergeto a local solution x of (47) satisfying the following secondorder su cien t conditions.

There exist multipliers 2 R™ andv 2 R" with v 0, sothat the KKT conditions

gx )+ AKXx) v =
c(x )

o O O o

hold;

the gradients of the constraints active at x are linearly independert;

P oo
the Hessianof the Lagrangian, W =1 f (x )+ ;.. Wp 2¢i)(x ), is positive de nite

in the null spaceof the active constraints;

If we assumethat the QP HessiansHy are uniformly positive de nite in the null spaceof the
constraints active at xx and xx + dx (see Assumption (G3 ) in [14]), then the bound constraints
active at x are identical to the bound constraints active at the solution of (48) and (49) if xy is
su cien tly closeto x . Therefore, for largek, the computation of dy and di® from the QPs (48) and
(49) can be interpreted asthe stepsobtained from Algorithm | applied to an equality constrained
NLP, wherethe equality constraints consistof the equality constraints (47b) and constraints x ) = 0

fori 2 fj: xU) = 0g. As a consequencethe analysisin the previous section can be applied.

5.2 A Trust Region Filter SQP Metho d

In [6], Fletcher et al. proposea trust region Iter SQP algorithm and analyzeits global corvergence
behavior. The switching rule used there does not imply the relationship (26), and therefore the
proof of Lemma 4 in our local corvergenceanalysis doesnot hold for that method. Howewer, it is
easyto seethat the global corvergenceanalysisin [6] is still valid (in particular Lemma 3.7 and
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Lemma 3.10in [6]), if the switching rule Eq. (2.19) in [6] is modi ed in analogyto (7) and replaced
by
M) M+ s) 0 and M) M+ QIS %

where my is a quadratic model of the objective function, sy is the trial step,  isthe current trust
regionradius, ; > O constarts from [6] satisfying certain relationships, and the new constart
st > Osatises s; > 2 . Then the local corvergenceanalysis in Section 4 is still valid (also
for the quadratic model formulation), assumingthat sucien tly closeto a strict local solution
the trust region is inactive, the trust region radius  is uniformly boundedaway from zero, the
(approximate) SQP steps sy are computed su cien tly exactly, and a secondorder correction as
discussedin Section 3 is performed.

6 Conclusions

We have shown that secondorder correction steps are able to overcomethe Maratos e ect within
lter methods and that fast local corvergencecan be obtained. Important for the successof our
analysisis a particular switching rule (7), which di ers from previous lter methods, suc asthe
one proposedby Fletcher et al. [6].
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