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Generalized Kraft Inequality and Arithmetic Coding

Abstract: Algorithms for encoding and decoding finite strings over a finite alphabet are described. The coding operations are arithmetic
involving rational numbers /, as parameters such that 212"1' = 27° This coding technique requires no blocking, and the per-symbol length
of the encoded string approaches the associated entropy within e. The coding speed is comparable to that of conventional coding

methods.

Introduction

The optimal conventional instantaneous Huffman code
[1] for an independent information source with symbol
probabilities (p,," -+, p,,) may be viewed as a solution to
the integer programming problem: Find m natural num-
bers /, as lengths of binary code words such that Zp/, is
minimized under the constraining Kraft inequality

S2i= 1

Then the minimized sum Z,p /;approximates the Shannon-
Boltzmann entropy function H(p,, -~ p,) = —2p, log
p, from above with an error no more than one. If a better
approximation is required, blocking is needed; e.g., a kth
extension of the alphabet must be encoded, which re-
duces the least upper bound of the error to 1/k [2].

We describe another coding technique in which m
positive rational numbers 7, ---, [ are selected such
that a generalized Kraft inequality holds:

S27i=27 e>0.
i

(For € = 0, the rationality requirement would have to
be relaxed.) The length of the code of a sequence s with
n, occurrences of the ith symbol js given by the sum

L(s) = 2 nl,

i

which when minimized over the /; subject to the preceding
inequality and divided by n = X, is never larger than

n, n 1
H(F”Tm> + €+ 0(2),

where € is determined by the difference I, — log{(n/n,).
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This means that, if the strings are generated by an in-
dependent information source, the mean of n'L(s)
approaches the entropy function from above within an
error € + O(1/n).

The coding operations are arithmetic, and they re-
semble the concatenation operations in conventional
coding in that the code of the string sa,, where a, is a
new symbol, is obtained by replacing only a few (always
less than some fixed number) of the left-most bits of the
code representing s by a new longer string. As a result,
the coding operations can be accomplished with a speed
comparable to that of conventional coding.

The primary advantage of the resulting “arithmetic
coding” is that there is no blocking needed even for the
binary alphabet. In addition, for small alphabet sizes the
size of tables to be stored and searched is smaller than
the code word tables in conventional coding methods.
For a binary alphabet a special choice of parameters
I, and /, leads to a particularly simple coding technique
that is closely related to one due to Fano [3].

The coding method described here is reminiscent of
the enumerative coding techniques of Schaikwijk [4]
and Cover [5], and perhaps also of that due to Elias. as
sketched in [2]. All of these are inferior, however, in
one or more crucial respects, especially speed.

Binary alphabet

The coding algorithm is derived and studied for any
finite alphabet, including the binary case. But because of
the special nature of a binary alphabet, which admits
certain simplifications, we study it separately. The im-
portance of applications of the binary alphabet in data
storage also warrants separate study.
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